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1. Introduction 



The motion of a fluid layer located on the Earth's surface is also influenced by Earth's 
rotation around the polar axis. For fluid motions localized near the Equator, the variation 
of the Coriolis parameter may be neglected and geophysical water waves in this region 
are modeled by the so-called /-plane approximation. The physical relevance of the /-plane 
approximation for geophysical waves is discussed in [5]. 

In this paper we consider periodic solutions of the /-plane approximation which possess 
isobaric streamlines, that is the pressure is constant along the streamlines of the flow. Fur- 
thermore, we assume that the wave speed exceeds the horizontal velocity of all particles in 
, the fluid so that stagnation points are excluded. Based upon a priori properties for such 

waves, which we establish herein, and regularity results for quasilinear elliptic equations, 
cf. |27| . we prove that, if the ocean depth is infinite, such waves have an explicit Lagrangian 
description. These solutions were found initially by Gerstner in |14j and rediscovered later 
on by Rankine [29] in the context of flows without Coriolis effects. More recently, their 



properties have been analyzed in [21S1H3] • They may be adapted to describe edge waves 
in homogeneous pQ and stratified fluids [30, 31], or gravity waves solutions of the /-plane 
approximation |21j . 

A important characteristic of Gerstner's solutions is that they describe rotational flows 
with the fluid particles moving on circles, a feature which does not hold for irrotational 
periodic deep water waves as seen in [6j[23| by means of linear theory. For the description 
of the particle paths in linear waves traveling over a flat bottom we refer to |12 | [T9 l l2"2"]. We 
enhance that the results on the particle trajectories for linear water waves have nonlinear 
counterparts for the governing equations, cf. [3"l llll[T6l ll8|. 

In the context of waves in water over a flat bed, we prove that any solution of the /-plane 
approximation which has isobaric streamlines and no stagnation points must be a laminar 
flow, that is the streamlines are straight lines. 



1 
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Though the angular speed of Earth's rotation is a well determined constant, our analysis 
remains valid for any arbitrary value of the angular speed. Particularly, we recover previous 
results established for gravity water waves without Coriolis effects |20j . which are a special 
case of the situation analyzed herein (zero angular speed). It is worth mentioning that the 
symmetry of the Gerstner-type waves reflects the one obtained for gravity waves in water 
of finite or infinite depth, cf. [THHllMlUE] • 

The outline of the paper is as follows: we present in Section [2] the mathematical for- 
mulation of the problem we deal with and state the main results Theorems 12.11 and 12.21 
To this end we introduce in a Lagrangian framework Gerstner solutions for the deep-water 
problem and discuss their properties. In Section [3] we reformulate the problem and establish 
some preliminary properties common for both deep and finite depth waves with isobaric 
streamlines and without stagnation points. Section 3] is dedicated to the proof of Theorem 
12.11 while in Section [5] we prove our second main result Theorem 12.21 

2. The mathematical model and the main results 

We consider herein a rotating frame with the origin at a point on Earth's surface, the 
X— axis being chosen horizontally due east, the Y— axis horizontally due north, and the 
Z— axis pointing upward. Furthermore, we let Z = rj(t, X, Y) be the upper free boundary of 
a fluid layer which may have a finite depth, the plane Z = —d, d£l, being the impermeable 
bottom of ocean, or is unbounded and in this situation we deal with deep water waves. In the 
fluid layer located near the Equator, the governing equations in the /—plane approximation 
are, cf. |13| . the Euler equations 

U t + UUx + VUy + wuz + 2ujw = —Px/p 

v t + uvx + vvy + wvz = —Py/p, (2.1) 
wt + uwx + vwy + wwz — 2uju = —Pz/p — g, 

and the equation of conservation of mass 

u x +v Y +w z = 0. (2.2) 

Here t is the time variable, (u,v,w) the fluid velocity, ui = 73 • 10~ e rad/s is the rotation 
speed of the Earth round the polar axis towards east, p is the density constant of the water, 
g = 9,8m/ s 2 is the gravitational acceleration at the Earth's surface, and P is the pressure. 
At the wave surface, the pressure of the fluid matches the atmospheric pressure Po : 

P = P on Z = r](t,X,Y). (2.3) 

Moreover, the free surface of the wave consists at each moment of the same fluid particles, 
so that we obtain the kinematic boundary condition 

w = r]t + ur]x on Z = T](t,X,Y). (2.4) 

Since for finite depth waves the bottom of the ocean is assumed to be impermeable, we 
impose the no-flux condition 



w = on Z = —d. 



(2.5) 
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On periodic water waves with Coriolis effects and isobaric streamlines 3 

For deep water waves we assume that 

(u,w) — > for Z — > —oo uniformly in (t, X), (2-6) 

meaning that at great depths there is practically no flow. 

In this paper we consider traveling waves, with the velocity field, the pressure, and the 
free surface exhibiting an (t, X) — dependence of the form (X — ct), where c > is the 
speed of the wave surface. Moreover, we seek two-dimensional flows, independent upon the 
Y — coordinate and with v = throughout the flow. Introducing the new variables 

x := X — ct and z := Z, (2-7) 

the governing equations for water waves reduce to the following nonlinear free-boundary 
problem 

' (u — c)u x + 2uw = —P x /p in fi„, 

(u — c)w x — 2uu = —P z /p — g in O^, 

Ux + Wz = in Q^, (2-8) 

P = Po on z = rj(x), 

w = (u — c)rj x on z = rj(x), 

supplemented by the boundary condition 

w = on z = —d (2-9) 

for waves traveling over a flat bed, respectively 

(u,w) — > for z — > — oo uniformly in x (2.10) 

in the infinite-depth case. The fluid domain fi^ is bounded from above by the graph of 7] 
and is unbounded from below in the infinite depth case, respectively is bounded by the line 
z = —d when the ocean depth is finite. 

The solutions we consider are periodic in the variable x, that is u, w, P, T] are all periodic 
in x with the same period, and have no stagnation points. The latter property is satisfied if 
we assume that 

supit < c. (2-11) 

n v 

Moreover, we require a priori that the solutions have the following regularity: 

T] G C 3 {R) and (u,w,P) € (C 2 {Tl ri )f. (2.12) 

Our first main result is the following theorem. 

Theorem 2.1. Assume that (u,v,P,r)) is a solution of ()2.8)) - f|2.9|) which satisfies the rela- 
tions (|2.1ip - (|2.12p . If the pressure is constant along the streamlines, then the flow is laminar. 

Besides laminar flow solutions, which are characterized by the fact that r/ is constant 
and (u, v, P) depend only upon the z coordinate, in the infinite depth case there is a family 
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of explicit traveling wave solutions of the problem fj2.8j) and (|2.10p . which is due to Gerst- 
ner. To present these special solutions we adopt a Lagrangian framework and describe the 
trajectories of each particle in the fluid: 

/ e kb e kb \ 

(X(t, a, b), Z(t, a, b)) := la - — sm(/c(a - ct)),h + b + — cos(k(a - ct)) j (2.13) 

for all a £ R, b < bo, and t > 0. Hereby fc > 0, 6o < 0, lio £ M is arbitrary, and c 
is the speed of the wave. Each particle within the fluid is uniquely determined by a pair 
(a, 6) € R x (-co, 6o)- The curve parametrized by (X(t, •, &o) ? ^(ij "> fy))) is the profile of the 
wave and is a trochoid when bo < 0, respectively a cycloid when bo = (see the figures in 
Chapter 4 of [3]). The latter curve has upward cusps, so that the waves cannot be extended 
for values of b > 0. The speed c of the wave is given by 



-co 



+ y^Tgk 



k 

cf. |21| . Our second main result is the following theorem. 

Theorem 2.2. Assume that (u,v,P,rj) is a solution of (|2.8p and (|2.10p which satisfies 
(|2.11|) and (|2.12|) . If the pressure is constant along each streamline, then (u,v,P,rj) is one 
of the solutions described by (12.131) . 

3. Equivalent formulations and a priori properties of solutions 

In order to investigate the steady flow problems for finite depth and deep water waves we 
find equivalent formulations which are more suitable to handle. First, we reformulate the 
problem in terms of a stream function ip. To deal with both finite and infinite depth cases 
at once, we define the stream function by the following relation 

i/)(x, z) := — (u(x, s) — c) ds for (x, z) £ fl v . 

Then, it follows by direct computations that VV> = (—w,u — c). Consequently, the stream- 
lines of the steady flow, which coincide with the particle paths, are the level curves 
of ip. Indeed, if the curve (x(t),z(t)) describes the motion of a fluid particle, that is 
(x'(t),z'(t)) = (u(x(t),z(t)) - c,w(x(t),z(t))), then 

^ip(x(t),z(t)) = (Vip(x(t),z(t))\(u(x(t),z(t)) - c,w(x(t),z(t)))) = for all t > 0. 

Furthermore, using the implicit function theorem and (|2.1ip we see that the level curves of 
if) are in fact graphs of periodic functions defined on the entire real line. Additionally, we 
compute that 



= ip xx + ip zz = u z - w x = 7 in n 



li- 



the function 7 = 7(2;, z) being the vorticity of the flow. By (|2.9p . for waves over a flat bed 
tp x = —w = on x = —d, and we deduce that there is a positive constant po such that 
ip = po on z = —d. Also, observe that ip = on z = i](x). 
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Condition (|2.1ip enables us also to introduce new variables by means of the hodograph 
transformation H : ft, — > ft, defined by 

H(x,z) := (q,p)(x,z) := (x,-ip(x,z)), (x,z) € ft,, 

whereby ft := {{q,p) : —po < p < 0} and ft := {(q,p) ■ p < 0} for the finite and infinite 
depth case, respectively. The mapping H is a diffeomorphism and the following relations are 
satisfied 



PxPz/ \W C-U 



1 

and ( 7 7 ) = I w i 



u — c c — u . 



A simple computation shows now that <9q(7 o H~ l ) = in Q, meaning that there exists 
a continuously differentiable function 7 = -y(p) such that -y(x,z) = -y(—ip(x,z)) for all 
(x, z) € Vt-q- Finally, defining the hydraulic head by the expression 

( u _ c )2 1 w 2 p /—4> 

E := h {g - 2ujc)z -\ 2^-0 + / j(s) ds in Q v , 

2 P Jo 

one can easily show that there exists a constant C such that E = C in Introducing the 
primitive T of 7 by the relation 

r(p):= [%(s)ds-C, 



n 



we find that (77, ip) solves the following problem: 



Aijj = 'y(-ip) in f^, 



(3.1) 



|VV>| 2 /2 + (g - 2ujc)z + P/p - 2ojip + Y = in ft,, 

supplemented by 

ijj = on z = -d (3.2) 
for waves traveling over a flat bed, respectively 

Vt/> — >• (0, — c) for z — > — 00 uniformly in x (3-3) 



for deep water waves. In fact, it is not difficult to show that problems (j2.8j) - (j2.9j) and (|3.ip - 
(|3.2p (resp. { (|2.8p . (|2.10p | and { (|3.ip . (|3.3p |) are equivalent in the sense that each solution 
of the first problem corresponds to a unique solution of the second one. Since we consider 
only waves having the property that the pressure is constant along the streamlines we find 
a function P G C 2 ([—po,0]) in the finite depth case (resp. P £ C 2 ((— 00, 0]) in the infinite 
depth case) with the property that P(x,z) = P(—ip(x,z)) for all (x, z) € ft,. 
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To obtain a second equivalent formulation of the original problems, we introduce the 
height function h : CI — >■ R by the relation 

h{q,p) = z for (q,p) G Cl. 

It follows readily from the definition of h and of the coordinates transformation H that h 
solves the following equations 



' (1 + h 2 q )h pp - 2h p hqh pq + h 2 p h qq - Y'h* = in £1, 
1 + h? P 

—^ + (g-2uc)h + -+2ujp + T = in Cl, 
2/ip p 



(3.4) 



and 



h = —d on p = —po 



(3.5) 



for waves traveling over a flat bed, respectively 



V/i — > (0, 1/c) on p — oo uniformly in q, 



(3.6) 



in the infinite depth case. The problems ([g ^l -ipTS] ) and (|53]) -([5^ ]) (resp. {([5^]). (^6|) } and 
{ ()3.ip . (|3.3p |) are equivalent in the same sense defined before. We note that (|2,lip becomes 



inf h v > 0, 
n 



(3.7) 



while, due to the fact that ip(q,h(q,p)) = —p for (q,p) € O, we see that the streamlines of 
the steady flow are parametrized by the functions h(-,p). 
To simplify our notations, we set 



a := g — 2uic and Q(p) ■'- 



P{p) 



+ 2up for all p with (0,p) £ £1. 



(3. 



We establish now some properties which are a priori satisfied by the solutions of the 
system (l2~8l) . 



Lemma 3.1. Let (u,w,r],P) be a periodic solution of ()2.8j) satisfying (|2.1ip and (|2.12p . 
and assume that the pressure P is constant along the streamlines. Then, there exists a 
continuously differentiate function (5 = (3{p) such that the corresponding height function h 
satisfies 



1 



h P (q,p) 



Y(p)h(q,p) + /3(p) for all (q,p) € fl. 



(3.9) 
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Proof. First, we note that the height function h solves (|3.4p . Differentiating the second 
equation of (|3.4p with respect to p and q, respectively, we obtain in Q the following relations 



hphqhpg (1 + hq^jhpp 



+ ah p + Q' + V = 0. 



and 



hph q h qq (1 + h q )h pq 
p h ahq = 



(3.10) 



(3.11) 



We build the sum of (|3.10p and the first equation in fj3.4[) to find that 

hphqg — hphqhpg 

— -g h a/ip + Q = m Si. 

Zip 



(3.12) 



Next, we multiply (|3.12p by h q , (|3.1ip by h p and subtracting these new identities we get 



t| + Q ' h<i = °' 



a / i 



or equivalently 

dq \h p 

This yields the desired assertion (|3.9p . 



Q'hq = 0. 



□ 



As a further result we prove the following lemma, which enables us later on to identify 
the characteristics of the flow. 



Lemma 3.2. Under the same assumptions as in Lemma \S.l\ the height function h, corre- 
sponding to a solution of (|2.8p . satisfies 



whereby 

oo(p) 
ai(p) 

G2(P) 

03 (p) 



a3(p)h 3 + a 2 {p)h 2 + ai(p)h + a (p) = tnd, 



-a/3 + 2/3/3' (Q + T) - Q'/3 2 - /3 2 (Q' + T'), 

-aQ' - 2Q'/3(Q' + T') + 2(Q + r)(Q"/3 + Q'/3'), -2Q' 2 /3 + 2a/3/3', 
-Q' 3 - (Q' + r')Q' 2 + 2a(Q"/3 + Q'/3'] + 2Q'Q"(Q + T), 
2aQ'Q" 



(3.13) 



(3.14) 



for all p with (0,p) € fi. 
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Proof. We differentiate first (|3.9p with respect to q and multiply the relation we obtain by 



h q to find that 



h q h pq = -Q h q h p = m + p)2 + {Q , h + p)4 - n, 



the last identity being a consequence of the second relation in (|3.4|) and (|3.9|) . On the other 
hand, the latter relations yield 

2 _ n ah + Q + T _ 
and differentiating this expression with respect to p we arrive at 

Identifying the two expressions we found for h q h pq , we obtain the desired relations. □ 

We are interested here to determine the solutions of (|2.8p - (|2.9p (resp. (|2.8p and (|2.10p ) 
which are not laminar (that is h q does not vanish in f2). For these solutions we obtain the 
following restriction on the wave speed c. 

Lemma 3.3. Assume that (u,w,r], P) is a periodic solution of (|2.8p satisfying (|2.1ip and 
(|2.12p . Furthermore, we assume that the pressure P is constant along the streamlines and 
the flow is not laminar, that is h q ^ in Vt. Then, we have that a = g — 2u>c ^ 0. 



Proof. Let us assume by contradiction that a = 0. Then, the second relation of (j3.4[) is 
equivalent to 

(l + h 2 q )(Q'h + p) 2 + 2(Q + T) = in a 
We differentiate this relation with respect to q and, since Q'h + {3 > 0, cf. (|3.7p . we arrive at 

Vi w (Q / 7i + /3) + /i 9 (l + 7i5)Q' = 

We fix now p < such that h(-,p) is not a constant function. Since h(-,p) is a real analytic 
function, cf. |10y26j. we find that 

h qq (q,p) = -Q'^ Q^t^+^p) fOT a11 q € R - 

If Q'{p) = 0, then h qq (q,p) = for all q € M, meaning that h q (q,p) = for all q 6 R and 
contradicting our assumption. On the other hand, if Q'(p) ^ 0, then h qq (-,p) has the sign 
of —Q'(p) on the whole line, in contradiction with the periodicity of h q (-,po). In conclusion, 
our assumption was false and the proof is complete. □ 

4. Proof of Theorem 12.11 

The proof of Theorem 12.11 follows by contradiction. Assume thus that there exists a tuple 
(u, v, P, r]) which satisfies all the assumptions of Lemma 13.31 and the boundary condition 
(|2.9|) . We observe that in this case the restriction to the flow of being non-laminar is equiv- 
alent to saying that r] = h(-,0) is not constant. This follows easily from (j3.4|) and (|3.5p by 
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means of elliptic maximum principles. Without restricting the generality, we may assume 
that 

h q (-,p)^0 for all p £ (—po, 0]. 

Indeed, if this is not the case let 

0,' = {(q,p) € : h(-,p) is not constant}. 

Then, in O \ O' the flow is laminar and h is constant on the lower boundary of £1' . Thus, 
by choosing some other constants po and d, we may assume that the height function h 
associated to our solution satisfies ()3.4p in f2' and (|3.5p on the lower boundary of f2'. 
Applying Lemma [3.21 we obtain that 

03 = a 2 = a\ = o = in [-p , 0]. (4.1) 

We exploit now this relation to arrive at a contradiction. First, from Lemma [3. 3 1 and 03 = 0, 
we obtain that 

Q(p) =Ap + B (4.2) 

for all p G [— Po,0] and with a nonzero constant A and some figl. Indeed, if A = 0, then 
we infer from (|3 . 9|) that /i has to be laminar in £1. Moreover it follows readily from 02 = 
that there exists a constant C$ such that 

0(p) = ^r(p) + — p + C (4.3) 
for all p € [— po, 0]. Lastly, exploiting the fact that ax = 0, we identify a differential equation 

for r 

{c T + cx)T' = -{c 2 T + c 3 ) (4.4) 

in [— pojO], the constants Cj being given by the following expressions 

A 2 A 2 B t „ A 3 2A 3 B „n . ^ 

c := — , ci := AC , c 2 := — , c 3 := aA- 2A 2 C . (4.5) 

2a a a a 

We also need the following result. 
Lemma 4.1. We have that 

A i h « + ( h+ j + %)' - a- 

in f2. 

Proof. Invoking the second relation of (|3.4p . ()3.9|) . and using (j4.2|) we find that 
(A/i + /3) 2 /i 2 + (Afc + /3) 2 + 2a/i + 2Q + 2r = 

in fi, or equivalently 

h + j) h « + \ h+ A + T 2 ) -^-^ + ^ + ^ = 0- 

The desired relation follows now from (14.31) and (14.511. □ 



"+4U+(ft+4+^) =-^ + |] (4.6) 
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Observe from (|4.6p that T + C3/C2 < for all p G (—po, 0]. We infer then from (|4.4p and 
5]) that there exists a constant Ci such that 



r + f^ln(-r-g) =-2Ap + Ci (4.7) 



in [— poj 0]. This shows in fact that T + C3/c2 < on [—po, 0]. In turn, this implies cor + ci 7^ 
for all r G [m, M], where m := minr_ P0j Q] T and M := max[_ p0j0 ] T. Letting / : (m — e, M + 
e) — > R be the function defined by /(r) := — (c2r + C3)/(cor + ci), we see that this function 
is well-defined and real-analytic on (m — e, M + e) provided e is small. Since T' = /(r), 
we deduce that T possesses an extension (which is called also T) defined on some interval 
(~Po ~ 5, 5) with 5 > 0. Additionally, V inherits the regularity of /, that is T is real-analytic 
on (-p - 5,5). 

We define now the function h : R x [— p — <V2> 0] — >• R by setting h(q,p) = h(q,p) in O, 
and 

/•PI 
h{q,p) := h(q,-p ) + - -.ds 

J-po Jl/h 2 Jq, -po) + 2r(-po) - 2r(a) 



for p G [— po — 5/2, — Po]- We note first that /i is well-defined. Indeed, this is a consequence 
of the fact that h(q, -p ) = —d and of relation (f3~9]l . Moreover, G C 2 (R x [— p - 5/2,0]) 
is the solution of the quasilinear elliptic equation 

(1 + h 2 q jh pp - 2h p hghpq + h 2 p h qq - 7^ = in R x [-p - 5/2, 0] , 

with h satisfying (|3.7p in R x [— po — 5/2, 0]. We enhance that condition (|3.7p guarantees that 
this quasilinear equation is uniformly elliptic. Since 7 is real-analytic and all three equations 
of the system depend analytically on h, the regularity results in |15[I27] imply that h is real- 
analytic in the strip R x (— po — 5/2,0). But, since h q = in R x [— po — 5/2, —po], the 
principle of analytic continuation implies the flow must be laminar, in contradiction with 
our assumption. This finishes the proof of Theorem 12.11 

5. Proof of Theorem |2H 

In this section we consider a non-laminar solution (u, v, P, rj) which satisfies all the assump- 
tions of Lemma 13.31 and the far field condition (|2.10p , that is a solution of the deep water 
wave problem. Furthermore, we let h be the corresponding height function. From the proof 
of Theorem 12.11 we deduce that it is possible to choose po > such that h q (-,p) ^ for all 
P < -Po- 

We shall restrict our attention first to the flow in Q' := R x (—00, —po). By the results 
of the previous section, the relations ()4.2p . (|4.3p . (|4.4|) (and subsequently (|4.7p ) are satisfied 
on (—00, — po], and the identity (|4.6p takes place in all Q' . Particularly, T + C3/C2 < in 
(—00, — po]. This implies that 

A<0. (5.1) 



Indeed, if A > 0, then we infer from (|4.7|) that T(p) 00 as p — >• —00, which contradicts 
the fact that T is bounded from above. 
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Our previous analysis allows us to prove now that the flow possesses some of the char- 
acteristics of Gerstner's solution for deep water waves in the /—plane approximation. 

Lemma 5.1 (The flow is rotational). There exists e > such that -y is real- analytic on 
(-co, — po + e). Moreover, 7' < and 7 — > p ^~oo 0. 

Proof. Since T < — C3/C2 in (—00, —po], we infer from the equation (|4.4p that T(p) ^ — c\/cq 
for all p £ ( — 00,— po]. It follows readily from (|4.5p that — c\/c$ < — C3/C2, so that either 
r < — ci/cq or — c\/cq < r < — C3/C2. By (|4.7p and (|5.ip . we can exclude the alternative 
T < — ci/co, so that 

- ci/co < T < -c 3 /c 2 for all p € (-co, -p ]- (5-2) 

Particularly, the same arguments as in the previous section imply that V is real-analytic on 
(—00, — po + e), provided e > is small, and since by (|4.4p 

7 = r' = 02 r + C3//c2 = 2,i r + C3 ^ C2 

c r + ci/c T + ci/co' 

we use (|5.ip and (|5.2p to obtain that 7 < and 7 — > p ^_oo (or equivalently T(jp) — > p ^-oo 
— C3/C2.) Differentiating the last equation once we see that 7' < 0. This completes our 
argument. □ 

Since 7 is real-analytic on (—00, — po + s)> the regularity results in |25| imply that all 
the streamlines h(-,p), p < — po + e, are real-analytic functions. Even more, using regularity 
results for quasilinear elliptic equations |27] . we know by (j3.7|) that h is real- analytic in f2'. 
Let now 

1 / qX 1 / 2 
#(p) := ( -r - — J forp<-p - 

With this notation, equation (j4.6|) becomes 

^ + 4V^+^+4 + ^V = ^ 2 i^'- (5-3) 



Furthermore, we define 

(a ct 0(v) \ 

-s - K{p) sin(As), --p - -jp + lT(p) cos(^) (5.4) 

for all s £ R and p < — p$. Fixing p < —po, we have that 

x s = ^t- AK(p) cos (As), set, 

and since K{p) —> p ^-oo we may take po large to guarantee that x(-,p) : R — > R is a 
diffeomorphism for all p < — po- This fact allows us to define the map s : R x (— 00, —po] — > R 
by the relation x(s(q,p),p) = q for all (q,p) 6Rx ( — 00, —po]- Note that the implicit function 
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theorem ensures that s is real-analytic as well. Finally, let h : R X (— oo, — po] — > R be defined 
by 

h(q,p) := z(s(q,p),p) for (q,p) Elx (-oo, -p ]. 
Then, using the chain rule, we find that h satisfies the following relation 

= f^-Kcos W ) 2 ^gg!^£) - + ^ sin2( A S ) 

U 2 ') (a/A- AKcos(As)) 2 

= K 2 . 

Since h(-,p) and h(-,p) are both real-analytic solutions of (|5.3p . by the theorem of Picard- 
Lindelof we find a function S = Sip), p < — po 5 such that 

h{q,p) = h(q + 8(p),p) in R x (— oo, — po]- (5-5) 

Using the implicit function theorem and (|4.6p . we may choose 5 to be a real-analytic function. 
Furthermore, since h(q,p) — > — oo when p —¥ — oo, we infer from (|4.3|) . (|5.4|) . and (|5.5|) that 

a > 0. (5.6) 

Given s £ R and p < — po, we let g £ R satisfy s = s(g + <5(p),p). Then g = x(s,p) — 5{p), 

h(q,p) = h(q + 6(p),p) = z(s(q + 6(p),p),p) = z(s,p), 

and therefore we have 

(u - c)(x(s,p) - S(p),z(s,p)) =(u - c)(q,h(q,p)) = - — (q,p) = -Ah{q,p) - j3(p) 

h p 

a 

= - Az(s,p) - P(p) = — - AKip) cos (As) 
d 

=-Q^ix(s,p) - Sip)), 

respectively 

w(x{s,p) - S(p),z(s,p)) =w(q,h(q,p)) = ~^-(q,p) = -h(q + 8(p),p)(Az(s,p) + Pip)) 

rip 

—AKip)sm.(As) fa 
a/A- AK(p)cosiAs) \A yF> y ' 

3z 

=jt{s,p)- 

OS 

This shows that the path of an arbitrary particle in the steady flow beneath y = /i(-, — po) 
is described by the curve 

t ^ (x(t + s,p),z(t + s,p)) := (x(t + s,p) - 5(p),z(t + s,p)), 

whereby (2;(s,p), z(s,p)), with (s,p) elx (— oo, —po] is the initial position of the particle. 
Back to the original reference frame (X,Z), the position of the particles at any time is 
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described by the mapping 

[0,oo) x R x (-oo, -p ] 3 {t,s,p) i ^ (X(t,s,p),Z(t,s,p)) := (x(t + s,p) + ct,z(t + s,p)). 

Indeed, one can easily check that (X(-, s,p), Z(-, s,p)) are solutions of the non-autonomous 
system 

X t = u(t, X, Z) = u(X - ct, Z), 
Z t = w(t, X, Z) = w(X - ct, Z) 

for each s£R and p < —po- 

In the remainder of this section we show that the equations for the particle paths can 
be brought in the form (|2.13p . To this end, we introduce new variables 



A 2 



a := — s and b := T{p) 



A ^ Al 

a 

with fl£l and b < bo := H(—po). That the map T : (— oo, — po] — > (— oo, bo] is a diffeomor- 
phism is a consequence of the relation 

_ a K'(p) _ a 2K(p)K'(p) _ a 7 (p) 
T (P) " T^l^p) ~ K*{p) ~ ~2MK^p) >0 imp - _P0 ' 

cf. (|5.6p and Lemma 15.11 Letting the positive constants k and m be defined by 

k:=* and n,:~2, 
a A 

the paths of the particles located initially beneath the curve (X(0,-,—po),Z(0,-,—po)), 
which we may regard as being the surface of the wave, are described in the reference frame 
located on the Earth's surface by the mappings 



X(t, a, b) := —5{b) + a + (c — m)t — sin(/c(a — mt)), 



k (5-7) 



Z(t, a, b) := ho + b H — — cos(/c(a — mt)), 
k 

with a € R, 6 < feo- Hereby, we have defined 5 := 5 o T" 1 and ho is a suitable constant. The 
second equation of (j5.T[) follows from the relation 



0, 



which is a consequence of the fact that ()4.7p may be written in the equivalent form 

(3 = -^\n(A 2 K 2 ) + ^ " Co m (-oo, -p ]. 

That the flow generated by (j5.7[) is incompressible reduces to showing that 

X ta Z b - X tb Z a - Z ta X b + Z tb X a = in [0, oo) x R x (-oo, -po], 

cf. Lemma 3.4 in |21| . However, the latter condition is equivalent to 5' = 0, meaning that 5 
is a constant function. Translating the original solution h suitably, we may assume without 
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restricting the generality that 5 = 0. Back to the coordinates (s,p) we have that 

(u - c)(x(s,p),z(s,p)) = ^ - AK(p)sm(As) -4 ^r, 

when p —> — oo, uniformly in s. But then, by (|2.10|) . we identify m with the wave speed 
m = c, so that the trajectories of the particles are described by 

e kb 

X(t, a,b) = a — sin(A;(a — ct)), 

k &kb (5-8) 

Z(t, a,b) = ho + b -\ — — cos(k(a — ct)) 
k 

for all a € R, b < b , and t > 0. 

Since h is real-analytic in the interior of the set {(q,p) ■ h q (-,p) 0}, we conclude that 
f2' = f2, and that there exists & bo < such that our original solution is described by the 
equations (|5.8|) in O^. This finishes the proof. 
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